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• We use global data to examine empirically the distribution of firm growth rates.
• We use the data to test eight theoretical distributions with EDF statistics.
• The consensus finding in the literature supports the Laplace distribution.
• We find firm growth rates are best fit by the heavier-tailed Cauchy distribution.
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a b s t r a c t

The consensus finding in the literature is that the distribution of firm growth rates is best
approximated by the Laplace distribution, a particular case of the Subbotin, or exponential
power, family of probability distributions. Using a richer database than prior studies and
testing formore theoretical distributions, we find that the distribution of firm growth rates
is best approximated by the heavier-tailed Cauchy distribution.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Starting with the path-breaking research of Stanley et al. [1], a consensus finding has emerged that firm growth rates
display a ‘‘tent-shaped’’ Laplace distribution.1 This result has been obtained in several studies—for example, Nunes Amaral
et al. [5], Bottazzi et al. [6], Bottazzi and Secchi [7], Buldyrev et al. [8], Alfarano and Milaković [9], Riccaboni et al. [10],
Hölzl [11], and Erlingsson et al. [12]. We explore the distribution of firm growth rates using a richer database than used in
these prior studies. Our global database has 13,342 firms in 57 industries from 43 countries over the period 1999–2010.
These firms had total 2010 revenues of $38.5 trillion or 61% of world GDP.

Building on prior work on the distribution of firm growth rates, we present empirical distribution function, or EDF, tests
for the log of the sales growth rate for eight distributions: Cauchy, exponential, gamma, Laplace, logistic, log-normal, nor-
mal, and Weibull. We find, in common with the consensus finding, that the Laplace distribution performs reasonably well
in approximating the distribution of firm growth rates. However, we show that the distribution of firm growth rates is
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Mata [4] demonstrates, using data on Portuguese manufacturing firms, that firm size distribution has evolved toward a lognormal distribution.
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substantially better approximated by the heavier-tailed Cauchy distribution, a particular case of the Lévy α-stable family of
densities.2 Thus, our results agree, for example, with the empirical finding of Bottazzi et al. [14] that ‘‘[w]hilst the Laplace
distribution of growth rates was repeatedly found in previous studies and appeared to be emerging as something of a ‘styl-
ized fact’, we observe here that the growth rates of French firms are even fatter tailed than expected, a property which holds
with disaggregation’’.

Understanding the empirical distribution of firm growth rates is important because the distribution places constraints on
theoretical models of firm growth. In turn, models of firm growth are generally based on dynamic models of innovation and
investment (see, for example, Refs. [8,6]).3 In order to be empirically relevant, suchmodels should generate firm growth rate
density functions consistent with the empirical densities. To date, no theoretical models exist in which firm growth rates
follow a Cauchy distribution. Thus, our results invite research on dynamic models of competition in which firms’ growth
rates follow a Cauchy distribution.

2. Data and calculation of firm growth rates

We obtain data on firms’ growth rates using a unique, proprietary database that provides financial data for 13,342 firms
spanning 57 different industries across 43 countries for the years 1999–2010.4 To account for inflation, data on firm sales
are deflated using country-specific consumer price indices (CPIs).5 Let S ijkt denote the annual sales in year t of firm k located
in country i and belonging to industry j. The annual sales data are reported to the nearest $1000 and, thus, are not binned.
Normalized log sales, sijkt , are defined as follows:

sijkt = log(S ijkt )−
1

|N ij
t |

|N ij
t |

i=1

log(S ijkt ) (1)

where N ij
t denotes the set of firms in the sample determined by country i, industry j, and year t . The firm growth rate, r ijkt , is

defined as follows:

r ijkt = sijkt − sijkt−1. (2)

Defining the firm growth rate in thismanner eliminates possible country-specific industrywide trends in themean of annual
sales (see Refs. [17,18]).

For each sample determined by particular values of i, j, and t , we test the hypothesis that the data {r ijkt }k∈N ij
t
are distributed

according to a particular empirical distribution function F . In performing the EDF tests, we restrict our analysis to samples
satisfying |N ij

t | ≥ 10. Imposing this restriction yields 63,568 observations of firm growth rates across 27 countries for a total
of 9267 firms that are grouped into 2004 country/industry/year samples, with an average of approximately 32 firms per
sample.

Summary statistics on the financial characteristics of these firms are presented in Table 1. Pooled across countries, indus-
tries, and years, the size distributions of firms, asmeasured by their capital ormarket value, are positively skewed. Themean
firm capital is approximately six times larger than themedian firm capital, and themean firmmarket value is approximately
seven times larger than the median firm market value.

3. EDF tests of theoretical distributions

To find the theoretical distribution that best approximates the empirical distributions of firm growth rates, we
perform goodness-of-fit tests using EDF test statistics. Let F denote the empirical CDF and G denote the hypothesized
distribution (e.g., the normal distribution). Let (X, δ) be any metric space of CDFs. Then, the distance δ(G, F) is an EDF test
statistic. Commonly used EDF test statistics include the Anderson–Darling and Cramér–von Mises test statistics [19]. The
Anderson–Darling test statistic is based on the parametric family Vn = n


∞

−∞
|G(x) − F(x)|2ψ(x)dG(x), where n is the

number of observations. Setting ψ(x) = {F(x)(1 − F(x))}−1 yields the Anderson–Darling test statistic. The Cramér–von
Mises test statistic is derived by setting ψ(x) = 1 in the family Vn = n


∞

−∞
|G(x)− F(x)|2ψ(x)dG(x).

The parameters of each distribution are estimated using maximum-likelihood estimation [20]. Direct optimization of
the log-likelihood is performed with the Nelder–Mead method. We first test the null hypothesis that the firm growth
rates are normally distributed. As shown in Table 2, the null hypothesis is not rejected based on the Anderson–Darling

2 The Lévy α-stable family (α ∈ (0, 2]) includes the Gaussian, or normal, (α = 2) and Cauchy (α = 1) distributions as special cases. All non-Gaussian
Lévy α-stable distributions (i.e., α < 2) present heavy tails [13].
3 To explain the consensus ‘‘tent-shape’’ finding, Bottazzi and Secchi [7] posit a mathematical framework based on the random assignment of business

opportunities among firms. Manas [15] derives a mixed normal-Laplace distribution of firm growth rates using an alternative approach based on the direct
stochastic modeling of firm sales. Metzig and Gordon [16] develop an agent-based model that yields a tent-shaped aggregate distribution of firm growth
rates.
4 Source: evaDimensions, www.evadimensions.com.
5 CPIs are obtained from http://research.stlouisfed.org/.

http://www.evadimensions.com
http://research.stlouisfed.org/


104 M.A. Williams et al. / Physica A 432 (2015) 102–107

Table 1
Summary statistics of global firm data (1999–2010).

Variablea Median Mean Std. dev 10th percentile 90th percentile

Capitalb ($mil) 344.09 2161.68 8615.62 38.81 3957.00
Market valuec ($mil) 513.20 3509.85 14,340.53 50.22 6449.28
Salesd ($mil) 355.52 2350.77 10,156.84 27.94 4326.57

Notes:.
a Data on each variable are deflated using country-specific CPIs.
b Total operational assets, net of funding.
c Market value of the firm’s net operational assets.
d Firm revenue.

Table 2
Percentage of country/industry/year samples not rejected.

Distribution Anderson–Darling test Cramér–von Mises test

Cauchy 97.55 98.25
Exponential 0.00 0.00
Gamma 44.56 45.51
Laplace 64.67 66.72
Logistic 56.89 60.83
Log-normal 42.17 44.86
Normal 42.37 44.36
Weibull 33.98 33.73

Number of samples 2004 2004
Time period 1999–2010 1999–2010

Note: statistical significance is determined at the 5% level.

test statistic in only 42.37% of the 2004 country/industry/year samples. Next, we test the null hypothesis that the firm
growth rates are distributed according to the Cauchy, exponential, gamma, Laplace, logistic, log-normal, normal, andWeibull
distributions.6 At the 5% significance level, the null hypothesis that the firm growth rates are distributed according to the
Cauchydistribution is not rejected in 97.55%of all country/industry/year samples,while the Laplace and logistic distributions
are not rejected in 64.67% and 56.89% of all samples. Using the Cramér–von Mises test statistic, the Cauchy distribution is
not rejected in 98.25% of all country/industry/year samples, while the Laplace and logistic distributions are not rejected
in 66.72% and 60.83% of all samples. We conclude that the Cauchy distribution best fits the empirical distributions of firm
growth rates in these samples.

Prior research has shown that the Laplace distribution fits the tails of firm growth rate distributions somewhat
inaccurately (see, for example, Ref. [14]). As a result, ad hoc adjustments have been suggested to ‘‘fatten’’ the tails of the
Laplace distribution to better fit empirical firm growth rate distributions. For example, Fu et al. [21], Buldyrev et al. [8], and
Riccaboni et al. [10] use distributions that combine a Laplace central region with power-law tails. As demonstrated here,
such ad hoc adjustments are not necessarywith the Cauchy distribution. In only a small percentage of country/industry/year
combinations do the data reject the null hypothesis of a Cauchy distribution.

Tables 3 and 4 show the EDF test results by country using the Anderson–Darling and Cramér–von Mises test statistics.
The tables show that in each of the 27 countries, the Cauchy distribution best fits the empirical distributions of firm growth
rates in the industry/year samples.

Schwartzkopf et al. [22] andMetzig and Gordon [16] explain fat-tailed firm growth rate distributions as being a collective
phenomenon. This suggests examining the size distributions of firm growth rates across industries for given country/year
samples. Table 5 shows the EDF test results using the Anderson–Darling and Cramér–von Mises test statistics for the 209
country/year samples in our data. The table shows that the Cauchy distribution best fits the empirical distributions of firm
growth rates across industries in the country/year samples.

Table 2 shows that among the 2004 country/industry/year samples, the Laplace distribution is the next-best fit of the
empirical distributions of firm growth rates. In this sense, our results are consistent with the consensus finding that the
Laplace distribution performs reasonably well as a fit of the empirical distribution of firm growth rates. However, Tables 2,
3, 4, and 5 demonstrate clearly that the Cauchy distribution performs substantially better.

The Cauchy distribution is a stable, ‘‘fat-tailed’’ distribution with an infinite variance. This variance condition has an
interesting economic implication—both very low and very high firm growth rates will occur much more frequently than
predicted by the normal (Gaussian) distribution. For example, in the domain of observations three or more standard
deviations away from the mean of the standard normal distribution, the Cauchy distribution with location 0 and scale 1 has
more than 75 times the percentage of observations than the corresponding percentage for the standard normal distribution.

6 The EDF tests for the Cauchy, logistic, and normal distributions are performed using unadjusted data on the firms’ growth rates. Tests for the other
distributions are performed after adding a constant to the growth rates so there are only positive values for that variable.
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Table 3
Percentage of industry/year samples not rejected using the Anderson–Darling test.

Country Number of samples Cauchy Exponential Gamma Laplace Logistic Log-normal Normal Weibull

Australia 57 100.00 0.00 42.11 61.40 49.12 40.35 38.60 29.82
Brazil 11 100.00 0.00 45.45 18.18 54.55 45.45 45.45 0.00
Canada 78 98.72 0.00 51.28 56.41 53.85 48.72 47.44 43.59
Chile 7 100.00 0.00 85.71 71.43 85.71 85.71 85.71 71.43
China 189 100.00 0.00 38.62 65.08 48.15 37.04 36.51 29.63
France 34 100.00 0.00 73.53 61.76 82.35 70.59 64.71 52.94
Germany 41 100.00 0.00 68.29 63.41 78.05 68.29 65.85 60.98
Greece 7 100.00 0.00 57.14 85.71 57.14 57.14 57.14 42.86
Hong Kong 28 100.00 0.00 39.29 50.00 42.86 39.29 32.14 35.71
India 84 100.00 0.00 53.57 77.38 69.05 50.00 51.19 35.71
Italy 20 100.00 0.00 75.00 60.00 80.00 75.00 65.00 55.00
Japan 307 96.42 0.00 45.93 68.40 60.59 42.35 43.32 27.04
Malaysia 90 100.00 0.00 47.78 65.56 64.44 46.67 47.78 46.67
Mexico 9 100.00 0.00 88.89 55.56 88.89 88.89 88.89 66.67
Norway 4 100.00 0.00 50.00 75.00 75.00 50.00 50.00 50.00
Poland 9 100.00 0.00 88.89 77.78 88.89 77.78 88.89 66.67
Saudi Arabia 4 100.00 0.00 75.00 0.00 75.00 50.00 50.00 50.00
Singapore 20 100.00 0.00 55.00 30.00 55.00 50.00 50.00 50.00
South Africa 12 100.00 0.00 75.00 41.67 75.00 75.00 75.00 50.00
South Korea 125 100.00 0.00 54.40 72.80 67.20 50.40 51.20 51.20
Spain 5 100.00 0.00 80.00 40.00 80.00 80.00 80.00 80.00
Sweden 7 100.00 0.00 85.71 57.14 85.71 85.71 85.71 85.71
Switzerland 18 100.00 0.00 61.11 33.33 66.67 61.11 61.11 61.11
Taiwan 105 96.19 0.00 60.00 74.29 76.19 53.33 56.19 51.43
Thailand 22 100.00 0.00 81.82 50.00 86.36 77.27 77.27 59.09
United Kingdom 139 100.00 0.00 64.03 63.31 72.66 61.15 60.43 54.68
United States 572 94.23 0.00 23.25 64.34 39.34 22.20 23.08 14.51

Note: Statistical significance is determined at the 5% level.

Table 4
Percentage of industry/year samples not rejected using the Cramér–von Mises test.

Country Number of samples Cauchy Exponential Gamma Laplace Logistic Log-normal Normal Weibull

Australia 57 100.00 0.00 43.86 59.65 54.39 43.86 40.35 29.82
Brazil 11 100.00 0.00 45.45 27.27 54.55 45.45 45.45 0.00
Canada 78 98.72 0.00 50.00 57.69 65.38 48.72 48.72 43.59
Chile 7 100.00 0.00 85.71 71.43 85.71 85.71 85.71 71.43
China 189 100.00 0.00 38.10 70.90 53.97 37.57 37.04 31.22
France 34 100.00 0.00 73.53 61.76 82.35 70.59 67.65 52.94
Germany 41 100.00 0.00 68.29 65.85 78.05 68.29 68.29 56.10
Greece 7 100.00 0.00 57.14 85.71 57.14 57.14 57.14 42.86
Hong Kong 28 100.00 0.00 39.29 50.00 46.43 39.29 35.71 35.71
India 84 100.00 0.00 53.57 78.57 71.43 52.38 52.38 30.95
Italy 20 100.00 0.00 75.00 60.00 85.00 75.00 75.00 50.00
Japan 307 98.37 0.00 47.23 71.01 65.47 44.95 44.95 26.71
Malaysia 90 100.00 0.00 48.89 67.78 68.89 50.00 48.89 47.78
Mexico 9 100.00 0.00 88.89 55.56 77.78 88.89 88.89 66.67
Norway 4 100.00 0.00 50.00 75.00 75.00 50.00 50.00 50.00
Poland 9 100.00 0.00 88.89 66.67 88.89 88.89 88.89 77.78
Saudi Arabia 4 100.00 0.00 50.00 0.00 75.00 50.00 25.00 50.00
Singapore 20 100.00 0.00 55.00 30.00 60.00 55.00 50.00 50.00
South Africa 12 100.00 0.00 75.00 41.67 75.00 75.00 75.00 41.67
South Korea 125 100.00 0.00 56.00 75.20 72.00 54.40 56.00 49.60
Spain 5 100.00 0.00 80.00 40.00 80.00 80.00 80.00 80.00
Sweden 7 100.00 0.00 85.71 71.43 85.71 85.71 85.71 85.71
Switzerland 18 100.00 0.00 61.11 33.33 61.11 61.11 61.11 61.11
Taiwan 105 98.10 0.00 59.05 77.14 78.10 59.05 60.00 49.52
Thailand 22 100.00 0.00 81.82 50.00 86.36 81.82 77.27 59.09
United Kingdom 139 100.00 0.00 65.47 62.59 77.70 64.75 63.31 53.96
United States 572 95.28 0.00 25.52 66.43 42.66 25.52 25.17 15.38

Note: Statistical significance is determined at the 5% level.

At four or more standard deviations away from themean, the Cauchy distribution has more than 2000 times the percentage
of observations.

Probability–probability (P–P) plots and quantile–quantile (Q–Q) plots of the empirical and theoretical distributions
provide additional goodness-of-fitmeasures and show further that the Cauchy distribution describes the distribution of firm
growth rates. If F(·) andG(·) represent twodistribution functionswith the same support, then the P–P plot in functional form
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Table 5
Percentage of country/year samples not rejected.

Distribution Anderson–Darling test Cramér–von Mises test

Cauchy 99.39 99.58
Exponential 0.00 0.00
Gamma 60.44 60.63
Laplace 54.33 55.46
Logistic 68.11 69.96
Log-normal 58.39 60.25
Normal 57.47 58.95
Weibull 49.09 48.07

Number of samples 209 209
Time period 1999–2010 1999–2010

Note: Statistical significance is determined at the 5% level.

Fig. 1. P–P and Q–Q plots and the empirical and theoretical Cauchy densities and distributions for the US Chemicals industry in 2010.

equals F(G−1(p)), where 0 < p < 1. The Q–Q plot equals F−1(G(x)) for all real x (see Ref. [23]). For example, Fig. 1 presents
the P–P and Q–Q plots and the empirical and theoretical Cauchy densities and distributions for the US Chemicals industry in
2010. The Cauchy distribution is parameterized by the maximum-likelihood location and scale parameters. Both diagrams
show clustering along the relevant 45-degree line, providing empirical evidence that the data are distributed according to
the estimated Cauchy distribution.

4. Conclusions

EDF testing rejects the hypothesis that the size distribution of firm growth rates is Gaussian. We show that while the
Laplace distribution does reasonably well, as found in prior studies, in approximating the distribution of firm growth
rates, the Cauchy distribution performs substantially better. As Dosi et al. [24] conclude, this has an important economic
implication: ‘‘this revealed structure in the stochastic process describing industrial evolution bears clear signs common to
all complex system dynamics including, the fat-tailed distributions in the rates of changes of all the variable of interest.
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That, in turn, is likely to witness for the existence of some underlying correlation mechanism, which makes the system self-
organized in its growth process. In these respects, all the evidence on industrial change corroborates the exciting conjecture
that evolutionary phenomena tend to undergo non-Gaussian lives influenced by persistent positive or negative interactions
among agents within and across the relevant populations’’.7 Our results invite research on dynamic models of competition
in which firms’ growth rates follow a Cauchy distribution.
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